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SUMMARY
In  t h i s  t hes i s  we  sha l l  s t a r t  w i t h  t he  i n t r oduc t i on  o f  some  no t i ons
abou t  s t ochas t i c  con t ro l  t heo ry .
L F c  T  c  R  a n d  s u p p o s e  t h a t  U  a n d  Y  a r e  s p a c e s  i n  w l . i c h  t h e  i n p u f s a n d
r h -  ^ , r ! n r r r c  ^ f  :  q w q j - o -  r F q n p . l  i v e l ' /  h ^ l ' e  t h e i r  V a f U e S .  F U r t h e r  W C  J e n o C e
. n T
b y  c  U  a n d  v  c  Y -  r e s p t r c t i v e ) y  t h r - '  i n p r L  a n d  o u L p u t  s p a - F s  a n d  b y  a
se t  ca l l ed  t he  unce r t a i n t y  space .
W e  s h a l l  t h e n  c o n s i d e r  a n  u n c e r L a i n  d y n a m i c d l  s y s t e i l  d e f i n e d  b y  a m a p
G :  U  x  i l  *  y  s u c h  t h a t  f o r  a l l  o  €  i l ,  G ( . , u )  i s  n o n - a n t i c i p a t i n g .
We  a l so  de f i ne  t he  i dea  o f  ' con t ro l  l aw '  wh i ch  can  be  seen  as  a  r ec i pe
fo r  dec id i ng  t he  con t ro l  on  t he  bas i s  o f  t he  obse rva t i ons  t ha t  i s :  a  map
. r  :  . ' +  
-  
w h j c n  h a s  L o  s a f j s [ y  L h e  r o ] l o w j n g  c o n s c r a i n t s
( i )  
- f  i s  non -an t i c i pa t i ng
( i i )  t he  s imu l t aneous  equa t i ons  i n  z  and  1 t
! , /  =  G O , u )
u. = F(!, /)
have,  fo r  a l l  u . r  €  Q,
( i i i )  t he  i n f o rma t i on  f l ow
s y s t e n r r  i . e .  l f  l t  €
t '  <  t  t h e n  I . ,  ( o ,  )  ( t '




o f  I  i s  n o t '  a n L i c i p a t e d  j n
T  s u c h  t h a t  V ,  €  U  l ) ( L . t , u r )
)  :  I '  ( L 0 " )  ( r ' )  t '  <  t  w i t h
a n d F  ( o )  € l '
a
t h o  c l n c a d  l n n r r
( t ' )  =  G ( r r , o ^ )  ( t '
2
o r , t . l , € Q
c . , n ^ ^ c d  r L > r  r L e  d v r a n i e a l  q v f q e -  I  i "  o i v e r  a n d  l e i -  F .  b c  t h e  e I a S Sv  ! J  Y
o f  adm iss i b fe  con t ro l  l aws .  The re  i s  a l so  g i ven  a  map  J  :  l F  + lR  caL led  t he
c o s L  f , J n c L i o n .  I n  r h e  f o l l o w i n g  w e  a s s u m e  I ' t , , 1 ,  f J  t o  b e  a  g i v e n  p r o b a b i l i -
t y  space .
The  p rob lem i n  op t ima l  s t ochas t i c  con t ro l  i s  t hen  t o  f i nd  a  con t ro l
l a w  i ' *  
€  
F  s u c h  t h a t  J * :  =  J ( F * )  <  J ( F )  f o r  a l l  F  
€  
F .
The fo l lowinq problems now come up.
1 .  I n  p rac t i ce  o f t en  t he  i dea  o f  Ce r t a i n t y  Equ i va lence  i s  used  t o
' s o l v e '  s t o c h a s t i c  c o n t r o L  p r o b l e m s .  T h e  m a i n  i d e a  i "  1 o  r o p l a c e  d I I  s L o -
n r - q r i c  n r r : n r i t i o c  i n v o l v e c l  h v  t a p t r  m F A n  i n  o r d e r  t o  o b L a i n  a n  , o o t r i v a l F n f
d c l e r n i n i s t i .  n r o h l e n r u r h i c l -  i n  n a n o r a l  i s  e a S i e r  L o  S o I V F .  T h e  t h u S  o b t - a i n e d
de te rm in i s t i c  con t ro l  l aw  i s  t hen  used  rn  t he  s tochas t i c  con t ro l  p rob lem.  I f
t h i s  a c t i o n  r e s u l t s  i n  o p t i m a l  p e r f o r m a n c e  L h e  D r o b l e m  i s  c a l l e d  ( e r t a i n L y
e q u i v a l e n L .  H o w e v e r  L h j s  a p p r o a c h  m a y  L e a d  i n  c e r t a i n  c a s e s  t o  c o n t r a d i c L . i o n .
T h e  q u e s t i o n  i s  n o w :  T s  i t  p o s s i b l e  c o  f o r m u l a t e  a  c e r t a i n L y  e q u i v a l e n c e
n r i n . i n l a  G ' i i h i n  i h o  a b o v e  m a t h e m a t i c a L  f r a m e  w o r k  w h i c h  d o e s  n o t  s u f f e r
f r om these  d rawbacks -
I n  t h i s  t h e s i s  t h i s  g u e s t i o n  i s  a n s w e r e d  a n d  f o r  t h e  L Q G  c o n t r o l p r o -
b L e r n  i . e .  d x ( t )  =  A ( t ) x ( t ) d t + B ( t ) r ( t ) d t + d w ,  ( t )  x ( t ^ )  = x .  ( * )
I  \ r  '  
r  <  |  -  ' F
d j ( t )  =  C ( r r x ( L ) d c  + d w ] ( t )  
, r ( L ^ )  = 0  - 0 - " - -  l + + )
' t - ' l
J  :  =  E  {  
- 1  
x ' t t ) R ,  ( r ) x ( r )  + 1 ' ( r ) R ^ ( r )  L ( r )  d r }t o t l ,
w e  s h a l L  p r o v e  c e r L a i n t y  e q u i v a l e n c e .
2 .  The  con t ro l  Law  F*  i s  chosen  on  t he  bas i s  o f  t he  i n f o rma t i on  rece i -
v e d  h v  r q  v i a  t h e  r n q e " r ' c - l  o  r f  n , r t  €  I  e r r n n r q o  i h - f  w e  t s i | e  L w O  o b s e r v a L i o n
q v c l a m c  r f  ^ , , -  r l i c n n e : 1  n r r d | n i n r  ^ , f n . , i S  J .  ( t , . I  a n d  - r  , ( t , .  r  r e s p o c L i v e I y .' 1  2
I t  i s  r easonab l€  t o  ask  i f  t hese  two  p rocesses  con ta i n  i n f o rma t i on  abou t
o : c h  n r l - 6 -  ' , , h i c h  - : . r  h a  c  j r a e l . e -  j z e d  n v  t t r 6  . o t  e a n l  o .  m r ) t r t d I  i n f o r m a C i O n
dP dP
a " a "  4 . 4 . ,
I !  .  I  _  |  - -  t ^ t  -
- ' f  
I ' J 2 '  r  d P  o f  
- ,  
d P  l P
a t  J 2  i 1  a 2
T h i s  e x p r e s s i o n  w i I L  b -  c o m p u t e J  f o r  L w o  d i  I f o r o n l  I i n e a r  m e d s l l r e m e n t  s y s t e m s .
3 .  C o n s i d e r  t h e  s y s t e m  ( * ) ,  ( * r < ) .  T o  d e t e r m i n e  t h e  o p t i m a l  i +  w e  s h a l L
A r -
n e e d  a n  e s t i m a t e  x ( t , ' ) : :  E 1 x ( t , ' )  l y - j  o f  t h e  s t a t e  x ( t , ' ) .  T h e  i n f o r m a t i o nc
i n  
- r i r - , ' )  m a y  b e  c a r a c L c r i z e d  b y  a  o - f i e l d  o t .  L '  g e n e r a t e d  b y  t n e  i n n o v a t i o n
p r o c e s s  d L ( t , .  )  =  C ( t )  [ x ( t , . )  -  ' i ( t , . ) ] O t  +  d w r ( t , . ) .  T h i s  p r o c e s s  s t a n d s
f o r  a  W i e n e r  p r o c e s s .  1 s  r t  p o s s r b l e  L o . a r a c t e r i z e  t h e  d e t i c i e n c y  o f  i n f o r -
m a t j o n  t o  e s t i m a t e  x ( t , . )  e x a c l l y  b y  a  p r o c e s s  s ( c , . ) ?  I [  s o  w h a t  k i n d  o f
p r o c e s s  i s  s ( t , . )  a n d  w h a t  i s  i t s  r e l a c i o n  w . r , t .  t h e  p r o c e s s  I  ( t , . ) ?  T h e
above  ques t i ons  w iLL  be  answered  and  we  sha l l  see  t ha t  t he  Ka Iman -F i l t e r
( a  d y n a m i c a - [  s y s L e m  w h i c h  g e n e r u a . =  l ( t , . r  r  p l a y s  a  r o l e  i n  L h ] s .
4 .  Op t ima l  dec i s i ons  a re  based  on  t he  i n f o rma t . i on  rece i ved  by  us  t h rough
f h o  n l - \ q F r \ / ^ t i n n  q \ ' < j - o m  A  m a ^ n t n a f  1  -  ' o S L i o n  i s :  W h a t  i S  t h e  v a L u e  o f  L n i s
i n f o r m o t i o n ?  O r ,  s l l p p o s c  L h a L  w -  h a v e  t w o  d i l f e r e n t  o b s e r v a c i o n  s y s t e m s . . ,
I
a n d  r ^ .  W h a t  l s  t h e  v a l u e  o f  t h e  i n f o r m a f i ^ n  ^ ^ - f - i - ^ ^  j n  r r  w . r . t .  t h e" "  2 '  "  " '  v l
i n f o r rna t i on  con ta i ned  r ^  A .?  I t  goes  w i t houL  say ing  Lo  assoc ia te  ' va l ue  o f
i n f o rma t i on 'w i t h  t he  no t i on  o f  t he  op t ima l  cos t s  J ,  and  J .  ,  ob ta i ned  by
u s i n g  J ,  a n d  y a  r e s p e c t i v e - [ y ,  a n d  L h e  p r e v i o u s l y  i n t r o d u c e d  q r o n c i t y
r ( l  . r i  l t l -
W e  s h a l l  s h o w  t h a t  f o r  t h e  L Q C - p r o b l e m  i t  i s  p o s s i b l e  t o  e x p r e s s
. T *  - , T * a s  r  f r , r e r i o n  o f  f h A  a \ / e r ^ . p  m r f u a l  i n t o r m a f i o n  O t  t w o  S u i t a b l e
c h o s e n  p r o c e s s e s .
dP dP
i i t  1 , 2
